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The structural boundary-value problem in the context of nonlocal (integral) elasticity and
quasi-static loads is considered in a geometrically linear range. The nonlocal elastic behav-
iour is described by the so-called Eringen model in which the nonlocality lies in the con-
stitutive relation. The diffusion processes of the nonlocality are governed by an integral
relation containing a recently proposed symmetric spatial weight function expressed in
terms of an attenuation function. A ﬁrm variational basis to the nonlocal model is given
by providing the complete set of variational formulations, composed by ten functionals
with different combinations of the state variables. In particular the nonlocal counterpart
of the classical principles of the total potential energy, complementary energy and mixed
Hu–Washizu principle and Hellinger–Reissner functional are recovered. Some examples
concerning a piecewise bar in tension are provided by using the Fredholm integral equa-
tion and the proposed nonlocal FEM.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
It is well known that one of the main drawbacks of local elasticity consists in the fact that many problems, such as sharp
crack-tip in continuum fracture mechanics, lead to stress singularities in classical elastic theories. A possible solution con-
sists in considering a continuum approach in which there are information regarding the behaviour of the material micro-
structure by assuming that an elastic material can transmit information to neighbouring points within a certain distance.
Such a distance is the internal length scale and is an essential material parameter which accounts for nonlocal effects in
the continuum. Nonlocal variables turn then out to be weighted average of the corresponding local variables over the mate-
rial points of the structure and the internal length controls the weighting process related to a state variable at a given point.
A continuum theory for elastic material with long-range cohesive forces can be found in the pioneristic work of Kröner
(1967). A nonlocal elastic theory is presented in Eringen (1976) but a simpliﬁed and more effective nonlocal theory is con-
tributed in Eringen and Kim (1974) and Eringen (1978) by assuming that nonlocality appears only in the constitutive rela-
tion. It is shown that several problems related to stress singularities in local elasticity, such as crack-tip problems, disappear
by adopting the nonlocal theory (see e.g. Zhou et al., 1999).
The paper Polizzotto (2001) deals with an elastic model in a geometrically linear range endowed with the nonlocal
elastic material model proposed in Eringen and Kim (1974) and Eringen (1978). The extension to nonlocal linear elasticity
of the classical principles of the total potential energy, complementary energy and mixed Hu–Washizu principle are pro-
vided. Further developments on the subject of nonlocal elasticity can be found in Polizzotto et al. (2004) and Polizzotto
et al. (2006).. All rights reserved.
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modynamic framework and the boundary-value problem for nonlocal elasticity are formulated by the recourse to convex
analysis and the complete set of nonlocal mixed variational principles is then provided. A ﬁrm variational basis to the non-
local model is provided by showing that the admissible combinations of the state variables yield six nonlocal mixed varia-
tional formulations and four nonlocal one-ﬁeld variational principles. A discussion on uniqueness of the solution of the
nonlocal model is then provided. The variational formulations for nonlocal linear elasticity presented in Polizzotto (2001),
following an ad hoc reasoning, are then recovered.
A consistent nonlocal FE procedure is then contributed which is based on the deﬁnition of a symmetric spatial weight
function recently proposed in the literature. A piecewise homogeneous bar is solved by the recourse to the Fredholm equa-
tion and to the proposed nonlocal FEM for several load conditions. The solutions obtained following the outlined procedures
are in a good agreement each other and no pathological behaviours at the boundary are present.
The paper is organized as follows. Section 2 deals with some basic notions of local elasticity. Section 3 summarizes
the basic nonlocal linear elastic relations in which a recently proposed symmetric spatial weight function which pre-
serves constant ﬁelds is considered. Section 4 provides the nonlocal elastic structural model. In Section 5 the mixed var-
iational formulation in the complete set of state variables is proved, the complete family of mixed variational
formulations is derived and uniqueness of the solution of the nonlocal problem is discussed. Then the special case of
a structural nonlocal model endowed with external frictionless bilateral constraints is addressed. In Section 6 a nonlocal
FEM is formulated for the nonlocal model and in Section 7 a one-dimensional bar in tension is considered from a com-
putational point of view by using the Fredholm integral equation and the proposed nonlocal FEM. The paper is closed
with an Appendix devoted to the proof of the nonlocal mixed variational formulation in the complete set of state
variables.
2. Local elasticity
Let a structure occupy at the time t a generic domain X in the three-dimensional Euclidean space. In the classical linear-
ized theory, the conﬁgurations assumed by the structure are sufﬁciently close to a reference one.
The linear space of strains ewhich the structure can experience from X is denoted byD. The dual linear space of stresses r
is denoted by R which is placed in separating duality with D by a non-degenerate bilinear form h; i which has the physical
meaning of internal virtual work. Assuming that the volume X of the structure is referred to a Cartesian orthogonal coordi-
nate system x, the virtual work for the Cauchy model is given by:h; i ¼
Z
X
ðxÞ  ðxÞdxwhere  denotes the scalar product between dual local quantities (simple or double index saturation operation between vec-
tors or tensors) at a given point x of the body X.
The fundamental assumption of elasticity amounts to assume that such a material has no memory so that the elastic con-
stitutive relation is a one-to-one law between the actual values of strains e 2 D and stresses r 2 R deﬁned as:r ¼ EðeÞ () e ¼ E1ðrÞ ¼ CðrÞ ð1Þ
In linear isotropic elasticity, the elastic operator is E ¼ Kð1 1Þ þ 2GId where K and G denote the bulk and the shear moduli,
respectively, Id ¼ I 1=3ð1 1Þ is the fourth-order deviatoric projection tensor being I and 1 the fourth-order and the sec-
ond-order identity tensors, respectively.
The stability is a characteristic feature of the elastic law which is ensured by the strictly monotonicity of the elastic law.
Since the elastic stiffness turns out to be the derivative of the elastic operator dEðeÞ, the stability property ensures the po-
sitive deﬁniteness of the elastic stiffness:dEðeÞg  g > 0 8g 6¼ 0
Since elastic phenomena are non-dissipative, the elastic relation (1) has to be conservative. The stability and conservativity
properties ensure the existence of a strictly convex elastic functional U: D! R [ fþ1g which represents the elastic energy
of the structure so that EðeÞ ¼ dUðeÞ.
It is well known (Vainberg, 1964) that the existence of an elastic potential U is equivalent to the symmetry of the deriv-
ative of E:hdEðeÞe1; e2i ¼ he1;dEðeÞe2i 8e; e1; e2 2 DThe convex elastic energy can then be evaluated by the following integration in the strain space:UðeÞ ¼
Z 1
0
hEðqeÞ; eidqand the complementary elastic energy U : R! R [ fþ1g is provided by the integration in the stress space of the inverse of
the elastic relation (1):
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Z 1
0
hCðqrÞ; ridqand turns out to be the convex conjugate of the elastic energy U.
Accordingly the elastic relation (1) can be rewritten in the following equivalent forms:r ¼ EðeÞ () e ¼ CðrÞ () UðeÞ þ UðrÞ ¼ hr; ei ð2Þ
In the case of linear elasticity, the elastic relations (1) can be rewritten in the form r ¼ Ee or equivalently e ¼ Cr, with
C ¼ E1, and the conservativity yields the symmetry of the elastic stiffness operator E ¼ dUðeÞ. The elastic and the comple-
mentary energies turn then out to be quadratic functionals:UðeÞ ¼ 1
2
hEe; ei; UðrÞ ¼ 1
2
hr;Criwhich are positive deﬁnite according to the stability property.
3. Nonlocal elasticity
In this paper, the nonlocal elastic model proposed by Eringen (Eringen and Kim, 1974; Eringen et al., 1977) is considered.
Such a model is based on the idea that the long-range forces arising in a homogeneous isotropic elastic structure are de-
scribed by the following constitutive relation:rðxÞ ¼ ðRrÞðxÞ ¼ ðREðeÞÞðxÞ ¼
Z
X
Wðx; nÞEðeðnÞÞdn 8x 2 X ð3ÞThe linear regularization operator R : R!S transforms the local stress ﬁeld r into the related nonlocal stress r since its
value at the point x of the body X depends on the entire ﬁeld r.
In the equality (3), W is the space weight function which describes the mutual long-range elastic interaction. From a
mechanical standpoint, the space weight function W is positive, have its maximum for x ¼ n and decreases monotonically
and rapidly to zero approaching the boundary of the interaction zone, that is for increasing kx nk. For kx nkP R, where
R is the chosen inﬂuence distance, the space weight function W vanishes or it results Wðx; nÞ ’ 0.
It is worth emphasizing that a nonlocal behaviour must be present for high space variation of the local stress r so that it
should be R ¼ I for uniform ﬁelds r being I the identity operator. Accordingly the weight function W must fulﬁl the normal-
izing condition:Z
X
Wðx; nÞdn ¼ 1 ð4Þfor any x in X. In order to impose such a condition, also for points close to the boundary of the body in which the interaction
zone is deprived of a contribution, the following non-standard weight function is usually assumed:Wðx; nÞ ¼ 1
VðxÞ gðx; nÞ ð5Þwhere the scalar function gðx; nÞ is the attenuation (or inﬂuence) function andVðxÞ ¼
Z
V
gðx; nÞdn ð6Þis called the representative volume.
The attenuation function gðx; nÞ is, typically, a function of the Euclidean distance kx nk or of the geodetical distance
rðx; nÞP kx nk, deﬁned as the path of minimum length not intersecting the boundary of the surface of the body, see Polizz-
otto (2001), in order to describe the diffusion process of nonlocality in the presence of cracks, holes and of any gap in the
convexity of the domain X occupied by the structure.
The effects of the attenuation function g are governed by the material internal length scale l since the regularization takes
place if the distance r between the source point n, at which a local variable is considered, and the point x, where the nonlocal
effect is considered, is such that rðx; nÞ 6 R. Nonlocal effects turn out to be vanishing beyond the inﬂuence distance Rwhich is
a multiple of the internal length. Usually, in the literature, the internal length and the inﬂuence distance are chosen much
less than the smallest dimension of the body or specimen and the attenuation function g is assumed to be a scalar function of
the ratio rðx; nÞ=l.
Since nonlocal elasticity has to transform into local elasticity for l! 0, the attenuation function g has the property to re-
duce, in this case, to the Dirac delta so that the relation (3) yields the local elastic law rðxÞ ¼ rðxÞ ¼ EðeðxÞÞ.
Note that the weight function (5) is, in general, not symmetric, that isWðx; nÞ 6¼Wðn; xÞ due to the requirement to accom-
modate the uniform ﬁeld condition near to the boundary of the body.
Typical choices for the attenuation functions are the Gauss-like function:gðx; nÞ ¼ 1
l
ﬃﬃﬃﬃﬃﬃ
2p
p exp  x nk k
2
2l2
 !
ð7Þ
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dimensgðx; nÞ ¼ 1
2l
exp  x nk k
l
 
ð8Þwhere it is assumed l ¼ R=6 in the examples, or the bell-shaped polynomial function:gðx; nÞ ¼ 15
16R
1 x nk k
2
R2
 !2
ð9Þif kx nk 6 R and gðx; nÞ ¼ 0 if kx nk > R.
The Gauss-like and the bi-exponential functions have an unbounded support so that the nonlocal interactions have effects
at arbitrary distances. Since the decay of the exponential function for increasing kx nk=l is very fast, from a computational
point of view, it is possible to assume that the attenuation function gðx; nÞ is vanishing if kx nk > R. On the contrary the
bell-shaped polynomial function (9) has a bounded support and gðx; nÞ vanishes for kx nk greater than the inﬂuence dis-
tance R.
In order to get a symmetric weight function W , the following expression is considered in the sequel:Wðx; nÞ ¼ 1 aVðxÞ
V1
 
dðx; nÞ þ a
V1
gðx; nÞ ð10Þwhich is similar to the one proposed in Borino et al. (2003) within the context of nonlocal damage. In Eq. (10) the symbol
dðx; nÞ denotes the Dirac delta distribution, V1 is the value assumed by the representative volume V for an unbounded body
and a is an adimensional scalar parameter which can be calibrated by suitable identiﬁcation tests.
Accordingly, the regularization operator is self-adjoint, i.e. R ¼ R0 where R0 denotes the dual operator.
Let us consider a one-dimensional bar of length L ¼ 100 cm in uniform state of stress having the material length scale
l ¼ 2 cm, the interaction distance R ¼ 12 cm and a ¼ 1. Fig. 1 reports the plots of the functions wðxÞ ¼ RX Wðx; nÞdn,
ð1 aVðxÞ=V1Þ, aVðxÞ=V1 and of the representative volume VðxÞ where the attenuation function g appearing in (10) is
the Gauss-like function (7).
It is worth emphasizing that the considered weight function preserve constant stress ﬁelds since it is immediate to prove
that the normalizing condition (4) is fulﬁlled. From a computational point of view, the fulﬁlment of the condition (4) is pro-
vided by the plot of the function w reported in Fig. 1.
The dual averaging using the non-standard weight function (5) does not meet the constant strain requirement, see e.g.
Jirásek and Rolshoven (2003) for a critical analysis. On the contrary, the proposed dual averaging with the symmetric weight
function (10) preserves constant ﬁeld independent of the choice of the attenuation function g since the regularization oper-
ator is self-adjoint. In fact it is easy to show that the following relation holds:ðR0eÞðxÞ ¼
Z
X
Wðn; xÞeðnÞdn ¼ 1 aVðxÞ
V1
 
eðxÞ þ a
V1
Z
X
gðn; xÞeðnÞdn ¼ ðReÞðxÞby virtue of the symmetry of g. Accordingly, R0e ¼ Re ¼ e for every constant strain ﬁeld e.
The nonlocal elastic model can be cast in a thermodynamic framework according to the reasoning reported in the next
subsection.
3.1. Thermodynamic framework
The ﬁrst principle of thermodynamics (see e.g. Lemaitre and Chaboche, 1994) for isothermal processes and for a nonlocal
behaviour can be formulated as follows:Plots of the symmetric weight function wðxÞ, of the two contributions ð1 aVðxÞ=V1Þ and aVðxÞ=V1 and of the representative volume VðxÞ for a one-
ional bar with l ¼ 2 cm, R ¼ 12 cm and a ¼ 1 in uniform state of stress for the Gauss-like attenuation function.
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X
_edx ¼ hr; _ei ð11Þwhere e is the internal energy density depending on strain e and entropy s. The energy balance in (11) can be extended to any
region X  X of the body including the diffusion domain Xd which cannot be smaller than some limit linked to the material
internal length. Hence the relation (11) can be written pointwise in X:_e ¼ r  _eþ P ð12Þ
where the explicit dependence on the point has been dropped for simplicity and the nonlocality residual function P takes
into account the energy exchanges between neighbour particles (see e.g. Edelen and Laws, 1971). The residual P fulﬁls
the insulation condition:Z
X
Pdx ¼ 0 ð13Þsince the body is a thermodynamically isolated system with reference to energy exchanges due to nonlocality.
Let T be the absolute temperature and /ðe; TÞ be the Helmholtz free energy deﬁned by means of the Legendre transform
/ ¼ e sT. In the sequel the dependence on T is dropped since the temperature is assumed to be constant. The second prin-
ciple of thermodynamics for isothermal processes, in the present nonlocal context is enforced in its classical pointwise form,
i.e. _sT P 0 everywhere in X where _s is the internal entropy production rate per unit volume. In fact if the second principle
holds in the global form
R
X
_sT dxP 0, there would be a class of deformationmechanisms such that the second principle in the
global form is equal to zero, and hence the deformation mechanism is reversible at the global level, but the same deforma-
tion mechanism turns out to be irreversible at the local level (Polizzotto, 2002) which is unacceptable.
Accordingly, performing the time derivative of the Helmholtz free energy in connection with the second principle and
being _T ¼ 0, the relation (12) provides the dissipation D at a given point of the body:D ¼ _sT ¼ r  _e _/þ P P 0 ð14Þ
which represents the Clausius–Duhem inequality for isothermal processes differing from its classical format by the presence
of the nonlocality residual function P to guarantee the non-negativeness of the dissipation and to account for material non-
locality. The body energy dissipation W follows from the integration of (14) to get:W ¼
Z
X
_sT dx ¼ hr; _ei 
Z
X
_/dxP 0 ð15ÞThe free energy function at a point x of the body X is deﬁned according to the relation:/ðeðxÞÞ ¼ 1
2
ðREeÞðxÞ  eðxÞ ð16Þand the global free energy is the functional of the strain e obtained by integrating the speciﬁc free energy (16) over the whole
domain of the body:/ðeÞ ¼
Z
X
/ðeðxÞÞdx ¼ 1
2
hREe; ei ð17ÞLet the domain X occupied by the body be partitioned in subdomains Xi  X, with i ¼ 1; . . . ;N, fulﬁlling the conditions
[Ni¼1Xi ¼ X and Xi \ Xj ¼ ; for any i 6¼ j. The body is considered homogeneous in each of the subdomains. Accordingly a piece-
wise homogeneous material is introduced and the internal boundaries between subdomains constitute a discontinuity sur-
face for the elastic modulus.
Recalling the symmetry of W , the following equality holds for any e, g 2 D:hREe; gi ¼
Z
X
XN
i¼1
Z
Xi
Wðx; nÞEieðnÞdn  gðxÞdx ¼
Z
X
eðxÞ 
XN
i¼1
Z
Xi
Wðx; nÞEigðnÞdn
" #
dx ¼ he;REgi ð18Þso that the operators R and E commute with respect to the scalar product in L2ðXÞ. The practical resolution of a structural
problem is typically achieved by a ﬁnite-element technique as shown in Section 6. In the nonlocal context, it is useful to
use the same ﬁnite-element mesh and the related Gauss integration points to perform the evaluation of the nonlocal terms.
Accordingly the integrals in (18) are computed by the sum over the Gauss points of the elements in the form:hREe; gi ¼
XN
e¼1
XNe
p¼1
XN
i¼1
XNi
g¼1
Wðxp; ngÞEieðngÞxg  gðxpÞxpwhereNe (Ni) denotes the number of Gauss points for the element e (i), xp (ng) is the coordinate vector of the integration
points and xp (xg) is the related Gauss integration weight coefﬁcient.
Expanding the inequality (15) and recalling (17) and (18), it results:hr; _ei  hREe; _eiP 0 ð19Þ
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Lemaitre and Chaboche, 1994), the following state law is obtained:r ¼ REe ¼ d/ðeÞ ¼ RdUðeÞ ð20Þ
It is then apparent that the relation (19) holds as an equality so that the inequality (14) vanishes since (14) can be viewed as
the non-negative integrand of (19). Hence the dissipation is pointwise vanishing due to the presence of the nonlocal residual
function according to the reversible nature of the model:D ¼ r  _e _/þ P ¼ 0and the explicit expression for the nonlocality residual function at a given point of the body X is given by:P ¼ _/ r  _e ¼ 1
2
RE_e  e 1
2
REe  _e ð21ÞIt is worth noting that assuming a constant strain ﬁeld e in a piecewise homogeneous body, the nonlocality residual function
(21) does vanish. From a physical standpoint it can be argued that the presence of a non-homogeneous elastic modulus con-
tributes to the interactions between distant particles and determines a nonlocal behaviour. This result follows from the pro-
posed model but it seems that experimental data are lacking on this issue. Heuristic considerations on this behaviour have
been also advanced by Polizzotto et al. (2004) and Polizzotto et al. (2006) based on the following arguments. If the elastic
modulus progressively deteriorates till complete degradation within a subdomain Xo  X pertaining to an initially homoge-
neous nonlocal elastic body X, no long distance interactions between points inside and outside Xo are allowed to occur in
such a limit state. In any intermediate state of this degradation process, the distance interactions between particles are inﬂu-
enced by non-homogeneity of the elastic modulus with respect to the initial nonlocal homogeneous situation. In Polizzotto
et al. (2006) the particle interaction attenuation effects due to non-homogeneity of the elastic modulus are conventionally
accounted for by means of a larger equivalent distance.
If a constant strain ﬁeld e and a homogeneous material are considered, the nonlocality residual function (21) vanishes
since the constant ﬁeld requirement e ¼ Re ¼ e holds and it results RE_e ¼ EðReÞ ¼ E_e. Hence a fully local behaviour is
recovered.
Then the relation (20) represents the constitutive law for the nonlocal elastic material endowed with the elastic energy /.
The elastic energy stored in the whole structure must be positive in any nontrivial strain state and the complementary
potentials turn then out to be the quadratic functionals:/ðeÞ ¼ 1
2
hREe; ei; /ðrÞ ¼ 1
2
hr; ðREÞ1ri ð22ÞAccordingly the nonlocal elastic relation can be expressed in the following equivalent forms:r ¼ d/ðeÞ () e ¼ d/ðrÞ () /ðeÞ þ /ðrÞ ¼ hr; ei ð23Þwhere the last equality represents Fenchel’s relation.
4. The nonlocal elastic structural problem
Let us consider a structure having a nonlocal linear elastic behaviour as previously described. The linear space of displace-
ments u is denoted by U. The linear space of forces is denoted by F and is placed in separating duality with U by a non-
degenerate bilinear form h; iwhich has the physical meaning of external virtual work. For avoiding proliferation of symbols,
the internal and external virtual works are denoted by the same symbol.
To each displacement ﬁeld u 2 U there corresponds a boundary ﬁeld Cu 2 oU. The dual space oF of oU is given by
the boundary tractions t and the body forces b belong to the Hilbert space H of square integrable vector ﬁelds on the
structural model. Accordingly, external forces are collected in the set ‘ ¼ ft;bg 2 F. Reactions r of the external
constraints belong to the subspace R ¼L?o where Lo is the subspace of conforming displacement ﬁelds which satisfy
the homogeneous boundary conditions. To any r 2 R there corresponds a uniquely deﬁned boundary reaction system
q 2 ðCLoÞ?  oF such that hr;ui ¼ hq;Cui for any u 2 U or equivalently r ¼ C0q where C0 2 LinfoF;Fg is the dual
operator of C.
The kinematic operator B 2 LinfU;Dg is a bounded linear operator fromU toD and B0o 2 LinfS;Hg is the formal adjoint of
the kinematic operator which provides the body forces corresponding to the stress ﬁeld r 2S, i.e. B0or ¼ b. The dual operator
of B is the equilibrium operator B0 2 LinfS;Fg which turns out to be deﬁned by the equalities (Romano, 2002; Showalter,
1997):hB0r; ui ¼ hB0or;ui þ hNr;Cui ¼ hr;Bui 8r 2S; 8u 2 U ð24Þ
where Nr 2 oF is the boundary ﬂux associated with the nonlocal stress r 2S: Rigid displacements are provided by the ker-
nel of the kinematic operator and self-equilibrated nonlocal stresses, i.e. nonlocal stresses in equilibrium with null external
forces, belong to the kernel of the equilibrium operator:
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kerB0 ¼ fr 2S : B0or ¼ 0 2 H;Nr ¼ 0 2 oFg ¼ fr 2S : B0r ¼ 0gCompatible strains belong to the image of the kinematic operator and external forces which can be in equilibrium with a
nonlocal stress belong to the image of the equilibrium operator:ImB ¼ fe 2 D : Bu ¼ eg;
ImB0 ¼ ft 2 oF;b 2 H; q 2 ðCLoÞ? : B0or ¼ b;Nr ¼ tþ qg
¼ f‘þ r 2F : B0r ¼ ‘þ rg
The equilibrium condition of the external forces acting on the structure placed in X requires that the external forces
t 2 oF, b 2 H and q 2 ðCLoÞ? perform a null virtual work for every rigid displacement starting from X, i.e.
hb;ui þ htþ q;Cui ¼ 0 for any u 2 kerB. Synthetically it can be rewritten in the form:h‘þ r;ui ¼ 0 8u 2 kerB() ‘þ r 2 ðkerBÞ? ð25ÞAssuming ImB0 closed (so that ImB is also closed by virtue of the closed image theorem (Brezis, 1983)), the relation (25)
yields:‘þ r 2 ImB0 () 9r 2S : B0r ¼ ‘þ r
which can be rewritten in the following weak form:hr;Bui ¼ h‘þ r;ui 8u 2 U ð26Þ
Explicitly it results hr;Bui ¼ hb;ui þ htþ q;Cui for any u 2 U or equivalently:Z
X
Z
X
Wðx; nÞrðnÞ  ðBuÞðxÞdndx ¼
Z
X
bðxÞ  uðxÞdx
Z
oX
½tðxÞ þ qðxÞ	  CuðxÞdx 8u 2 ULet ow 2 oU be an imposed boundary displacement ﬁeld on oX. The compatibility of a kinematic set fe; owg 2S
 oU
requires that there exists a displacement u ¼ vþw, where v 2Lo and w 2 U is a displacement ﬁeld which fulﬁls
non-homogeneous boundary conditions, such that Bu ¼ e and Cw ¼ ow. A variational condition of compatibility states
that a set fe; owg is compatible in X if and only if a self-equilibrated nonlocal stress performs a null virtual work for
fe; owg, in formulae:hr; ei  hNr; owi ¼ 0 8r 2So;whereSo ¼ fr 2S : B0or ¼ 0;Nr 2 ðCLoÞ?g is the set of self-equilibrated nonlocal stresses. As a consequence, the weak form
of the compatibility condition is:hr; ei ¼ hB0or;ui þ hNr; owþ Cvi ¼ hr;Bui 8r 2S ð27Þ
Explicitly it becomes:Z
X
Z
X
Wðx;nÞrðnÞ eðxÞdndx¼
Z
X
Z
X
div½Wðx;nÞrðnÞ	 uðxÞdndx
Z
oX
Z
X
Wðx;nÞrðnÞnðxÞ ½owðxÞþCvðxÞ	dndx 8r2Rbeing nðxÞ the outward normal at x 2 oX. For simplicity, in the sequel, the structural model will be expressed in terms of dual
operators B and B0, external forces and reactions ‘, r and displacement ﬁelds u and w.
The external relation between reactions r 2F and displacements u 2 U can be given in terms of two conjugate concave
functionals  : U! R [f1g and   :F! R [f1g by means of the following equivalent relations:r 2 o ðuÞ () u 2 o ðrÞ ()  ðuÞ þ  ðrÞ ¼ hr;ui ð28Þ
where the symbol o denotes the superdifferential of concave functionals (Rockafellar, 1970). The last equality represents
Fenchel’s relation.
Different expressions can be given to the functional  depending on the type of external constraints such as bilateral, uni-
lateral, elastic or convex.
In the case of external frictionless bilateral constraints with non-homogeneous boundary conditions, the admissible set of
displacements is given by the subspaceL ¼ wþLo. Then the functional  turns out to be the indicator ofLo deﬁned in the
form: ðuÞ ¼ uLo ðuwÞ ¼
0 if uw 2Lo
1 otherwise

ð29Þand its conjugate   is given by: ðrÞ ¼ hr;wi þ uL?o ðrÞ ¼ hr;wi þ
0 if r 2L?o ¼ R
1 otherwise
(
ð30Þ
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ing displacement v 2Lo.
The relations governing the nonlocal elastic structural problem for a given load history ‘ðtÞ are:
B0r ¼ ‘þ r equilibrium
Bu ¼ e compatibility
r ¼ d/ðeÞ nonlocal constitutive relation
u 2 o ðrÞ external relation
8>><>>: ð31Þ
To provide a ﬁrm variational basis to the nonlocal model, it is shown in the next section that the nonlocal problem admits
variational formulations analogous to those of classical local elasticity and the complete set of nonlocal variational formu-
lations containing all the possible combinations of the state variables are provided. In particular the variational formulations
which are the nonlocal counterparts of the total potential energy, complementary energy and of mixed principles of Hu–
Washizu and Hellinger–Reissner in classical local elasticity (Washizu, 1982) are contributed.
5. Variational principles for nonlocal elasticity
Introducing the product space W ¼ U
S
D
F and its dual space W0 ¼F
D
S
U, the nonlocal structural
problem (31) can be collected in terms of the global multi-valued structural operator S : W! W0 governing the whole
problem:0 2 SðwÞ ¼ bSðwÞ þwo; w 2W; wo 2W0
The explicit expression of the structural operator bS and of the vectors w and wo are:bS ¼
0 B0 0 IF
B 0 ID 0
0 IS d/ 0
IU 0 0 o 
26664
37775; w ¼
u
r
e
r
26664
37775; wo ¼
‘
0
0
0
26664
37775 ð32ÞThe structural operator is multi-valued due to the presence of the superdifferential o  of the external constrains, mono-
tone non-decreasing with respect to e, linear with respect to r and u, monotone non-increasing with respect to r. The oper-
ator bS turns out to be integrable according to Romano et al. (1993) and its potential is given by a direct integration along a
straight line in the spaceW starting from its origin to get:Mðu; r; e; rÞ ¼ /ðeÞ þ  ðrÞ þ hr;Bu ei  h‘þ r;ui
which is linear in ðu; rÞ, convex with respect to strains e and concave with respect to external reactions r. The following state-
ment then holds.
Proposition 1. The set of state variables ðu; r; e; rÞ is a solution of the saddle problem
min
e
max
r
stat
u;r
Mðu; r; e; rÞif and only if it is a solution of the nonlocal elastic structural problem (31).
The proof of the above variational formulation is reported in the Appendix while the proofs of the subsequent variational
principles are omitted for simplicity.
The explicit expression of the potentialM for the Cauchy model in the case of external frictionless bilateral constraints is:Mðu; r; e; rÞ ¼ 1
2
Z
X
XN
i¼1
Z
Xi
Wðx; nÞEieðnÞdn  eðxÞdxþ
Z
X
Z
X
Wðx; nÞrðnÞ  ½BuðxÞ  eðxÞ	dndx
Z
X
bðxÞ  uðxÞdx

Z
oX
tðxÞ  CuðxÞdxwith r 2 R ¼L?o .
By enforcing the fulﬁlment of the relations (31) some of the state variables appearing in the mixed variational formulation
reported in Proposition 1 can be alternatively eliminated and new variational formulations are obtained. Ten combinations
of the state variables are allowed and the admissible combinations are reported in the tree-shaped scheme of Table 1. The
corresponding ten expressions representing the family of the variational principles for the nonlocal model are reported in
Table 2.
The procedure to follow in order to obtain the ten functionals of the family of nonlocal mixed variational formulations is
hereafter reported. All the functionals attain the same value at the solution point of the nonlocal elastic problem.
The variational formulation in terms of ðu; r; eÞ is obtained by enforcing the external constraint relation (31)4 in terms of
Fenchel’s equation (28)3 in the expression of the functional M to get the next:
Table 2
The nonlocal elastic functionals
Mðu; r; e; rÞ ¼ /ðeÞ þ  ðrÞ þ hr;Bu ei  h‘þ r;ui
H1ðu; r; eÞ ¼ /ðeÞ   ðuÞ þ hr;Bu ei  h‘;ui
H2ðu; r; rÞ ¼ /ðrÞ þ  ðrÞ þ hr;Bui  h‘þ r;ui
R1ðr; eÞ ¼ /ðeÞ þ  ðB0r ‘Þ  hr; ei
R2ðu; rÞ ¼ /ðrÞ   ðuÞ þ hr;Bui  h‘; ui
R3ðu; rÞ ¼ /ðBuÞ þ  ðrÞ  h‘þ r;ui
P1ðrÞ ¼ /ðrÞ þ  ðB0r ‘Þ
P2ðuÞ ¼ /ðBuÞ   ðuÞ  h‘; ui
P3ðeÞ ¼ /ðeÞ  ð   B0ÞðeÞ
P4ðrÞ ¼ ð/  BÞð‘þ rÞ þ  ðrÞ
Table 1
The nonlocal and nonlinear variational tree
fu; r; e; rg
fu; r; eg fu; r; rg
fr; eg fu; rg fu; rg
frg fug feg frg
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min
u;e
stat
r
H1ðu; r; eÞwhereH1ðu; r; eÞ ¼ /ðeÞ   ðuÞ þ hr;Bu ei  h‘;ui
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of ðu; r; rÞ is obtained by enforcing the constitutive relation (31)3 in terms of Fen-
chel’s equation (23)3 in the expression of the functional M so that it results.
Proposition 3. The set of state variables ðu; r; rÞ is a solution of the saddle problem
stat
u
max
r;r
H2ðu; r; rÞwhereH2ðu; r; rÞ ¼ /ðrÞ þ  ðrÞ þ hr;Bui  h‘þ r;ui
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of ðr; eÞ is obtained by enforcing the equilibrium equation (31)1 in the expression of
the functional M to get.
Proposition 4. The set of state variables ðr; eÞ is a solution of the saddle problem
min
e
max
r
R1ðr; eÞwhereR1ðr; eÞ ¼ /ðeÞ þ  ðB0r ‘Þ  hr; ei
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of ðu; rÞ is obtained by enforcing the constitutive relation (31)3 in terms of Fenchel’s
equation (23)3 in the expression of the functional H1 to get.
Proposition 5. The set of state variables ðu; rÞ is a solution of the saddle problem
min
u
max
r
R2ðu; rÞwhereR2ðu; rÞ ¼ /ðrÞ   ðuÞ þ hr;Bui  h‘;ui
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The variational formulation in terms of ðu; rÞ is obtained by enforcing the external constraint relation (31)4, in terms of
Fenchel’s equation (28)3, and the compatibility condition (31)2 in the expression of the functional H1 to get.
Proposition 6. The set of state variables ðu; rÞ is a solution of the saddle problem
min
u
max
r
R3ðu; rÞwhereR3ðu; rÞ ¼ /ðBuÞ þ  ðrÞ  h‘þ r;ui
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of nonlocal stresses r is obtained by enforcing the equilibrium equation (31)1 in the
expression of the functional H2 to get.
Proposition 7. The nonlocal stress r is a solution of the concave optimization problemmax
r
P1ðrÞwhereP1ðrÞ ¼ /ðrÞ þ  ðB0r ‘Þ
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of displacements u is obtained by enforcing the compatibility condition (31)2 in the
expression of the functional H1 to get.
Proposition 8. The displacement u is a solution of the convex optimization problemmin
u
P2ðuÞwhereP2ðuÞ ¼ /ðBuÞ   ðuÞ  h‘;ui
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of strains e is obtained by enforcing the external constraint relation (31)4, as Fenchel’s
equation (28)3, in the expression of the functional R1 to get.
Proposition 9. The strain e is a solution of the convex optimization problemmin
e
P3ðeÞwhereP3ðeÞ ¼ /ðeÞ  ð   B0ÞðeÞ
if and only if it is a solution of the nonlocal elastic structural problem (31).
The variational formulation in terms of external reactions r is obtained by enforcing the constitutive relation (31), as Fen-
chel’s equation (23)3, in the expression of the functional R3 to get.
Proposition 10. The external reaction r is a solution of the concave optimization problemmax
r
P4ðrÞwhereP4ðrÞ ¼ ð/  BÞð‘þ rÞ þ  ðrÞ
if and only if it is a solution of the nonlocal elastic structural problem (31).
Remark 11. It is worth emphasizing that the potential P2 is the nonlocal counterpart of the total potential energy, the poten-
tial P1 is the nonlocal counterpart of the total complementary energy, the potential R2 is the nonlocal counterpart of the Hel-
linger–Reissner functional and the potential H1 is the nonlocal counterpart of the Hu–Washizu functional.
Remark 12. The condition for the nonlocal elastic structural problem (31) to admit a unique solution is the strictly convexity
of the nonlocal elastic energy. In fact, if the nonlocal elastic energy / is strictly convex, the functional P2 turns out to be
strictly convex so that the variational formulation of Proposition 8 ensures that the solution displacement is an absolute
minimum for P2 and the nonlocal elastic structural problem (31) admits a unique solution (if any).
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conditions and solution techniques based on minimization procedure can be exploited (see e.g. Alfano and Marotti de Sci-
arra, 1996; Romano, 2002). From a computational standpoint, suitable algorithms can be adopted for the numerical solution
of the optimization problem which arises from a space discretization by the nonlocal ﬁnite-element method as discussed in
Section 6.
5.1. Nonlocal elasticity with external frictionless bilateral constraints
In order to perform a comparison with existing variational formulations, the nonlocal constitutive relation (31)3 is spe-
cialized to the case of external frictionless bilateral constraints with non-homogeneous boundary conditions.
For sake of clarity, the nonlocal elastic structural problem is hereafter reported and the imposed boundary displacement
explicitly appears:Table 3
The non
bMðv; r;bH1ðv; rbH2ðv; rbR1ðr; eÞbR2ðv; rÞbR3ðv; rÞbP1ðrÞ ¼bP2ðvÞ ¼bP3ðeÞ ¼bP4ðrÞ ¼B0r ¼ ‘þ r equilibrium
BðvþwÞ ¼ e compatibility
r ¼ REe nonlocal linear constitutive relation
v 2 ouL?o ðrÞ external relation
8>><>>: ð33Þ
The related variational principles can be straightforward obtained from the corresponding formulations provided in Propo-
sitions 1–10 by using the expressions (22), (29) and (30). The explicit expressions of the functionals pertaining to the non-
local linear elastic structural model with external frictionless bilateral constraints with non-homogeneous boundary
conditions are reported in Table 3 and can be deduced from the ones contributed in Table 2.
In particular, the nonlocal counterparts of the total potential energy, total complementary energy and Hu–Washizu func-
tional are, respectively, given by the functionals bP2, bP1 and bH1. These potentials have been recovered, following a different
and ad hoc reasoning, in Polizzotto (2001).
The nonlocal elastic problem can be numerically solved by a nonlocal FE-method by means of the total potential energy
functional bP2. A nonlocal type FE-technique requires to build up a nonlocal stiffness matrix which reﬂects the nonlocality
features of the structural problem. Such a nonlocal stiffness matrix contains the contributions from all the FEs of the mesh
which lie within the inﬂuence distance from the considered FE. Accordingly the nonlocal stiffness matrix turns out to be
banded with a band width larger than in the standard FEM. This issue is addressed in Section 6.
A suitably modiﬁcation of the nonlocal structural problem (33) can be performed in order to make applicable standard
FEM to nonlocal problems (Polizzotto, 2001). The solving iterative FE procedure is based on a suitable consistent nonlocal
variational formulation obtained from the variational family of Table 3 and a convergence criterion for the iterative proce-
dure can be proved. This issue will be the subject of a forthcoming paper.
It is worth noting that the inverse of the regularization operator appears in the expression of several potentials reported
in Table 3. Such potentials can be suitable modiﬁed so that the inverse of the regularization operator does not appear. In the
next subsection it is shown that these principles follow from an equivalent nonlocal elastic model in terms of local stresses
and nonlocal strains. As a consequence, the complementary energy principle for nonlocal elasticity coincides to the one con-
tributed in Polizzotto (2001) in terms of the integral regularization operator and of local stresses (denoted by s in that paper).
5.2. An equivalent model with nonlocal strain
The nonlocal elastic model previously analysed can be cast in an alternative form by considering the local stress r and the
related dual nonlocal strain e ¼ Re.
The compatibility condition (27) can be rewritten in the form:local functionals in linear elasticity with external frictionless bilateral constraints with non-homogeneous boundary conditions
e; rÞ ¼ 12 hREe; ei þ uL?o ðrÞ þ hr;Bðwþ vÞ  ei  h‘þ r; vi
; eÞ ¼ 12 hREe; ei  uLo ðvÞ þ hr;Bðwþ vÞ  ei  h‘; vi
; rÞ ¼  12 hr; ðREÞ1ri þ uL?o ðrÞ þ hr;Bðwþ vÞi  h‘þ r; vi
¼ 12 hREe; ei þ uL?o ðB
0r ‘Þ  hr; ei þ hr;Bwi
¼  12 hr; ðREÞ1ri  uLo ðvÞ þ hr;Bðwþ vÞi  h‘; vi
¼ 12 hREBðwþ vÞ;Bðwþ vÞi þ uL?o ðrÞ  h‘þ r; vi
 12 hr; ðREÞ1ri þ uL?o ðB
0r ‘Þ þ hr;Bwi
1
2 hREBðwþ vÞ;Bðwþ vÞi  uLo ðvÞ  h‘; vi
1
2 hREe; ei  ðuL?o  B
0ÞðeÞ
ð/  BÞð‘þ rÞ þ uL?o ðrÞ þ hr;wi
Table 4
The non
bMsðv; rbHs1ðv;rbHs2ðv;rbRs1ðr;eÞbRs2ðv;rbRs3ðv; rÞbPs1ðrÞ ¼bPs2ðvÞ ¼bPs3ðeÞ ¼bPs4ðrÞ ¼
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where the kinematic operator is given by T ¼ RB. The equilibrium equation (26) becomes:hB0Rr; ui ¼ hT0r;ui ¼ h‘þ r;ui 8u 2 U
being T0 ¼ B0R the equilibrium operator dual of T.
The expression (22)2 of the complementary elastic energy yields:wðrÞ ¼ 1
2
hr;RCriand the elastic energy can be evaluated by the convex conjugate functional of w to get:wðeÞ ¼ sup
s
fhs;ei  wðsÞg ¼ 1
2
hðRCÞ1e;ei:Hence the relations (33) governing the nonlocal linear elastic structural problem with external frictionless bilateral con-
straints with non-homogeneous boundary conditions for a given load history ‘ðtÞ are then given by:T0r ¼ ‘þ r equilibrium
TðvþwÞ ¼ e compatibility
r ¼ Ee linear constitutive relation
v 2 ouL?o ðrÞ external relation
8>><>>: ð34Þ
The corresponding complete set of variational principles is reported in Table 4 and can be deduced from the ones contrib-
uted in Table 3. The addition of the pedix ‘‘s” to the potentials is to remember the fact that the stress is local.
In order to perform a comparison with the corresponding complementary energy variational principle reported in Polizz-
otto (2001), the complementary energy for nonlocal linear elasticity involving the functional bPs1 is explicitly reported
hereafter:
Proposition 13. The stress r is a solution of the concave optimization problemmax
r
bPs1ðrÞwherebPs1ðrÞ ¼ 12 hr;RE1ri þ uL?o ðT0r ‘Þ þ hr;Twi
if and only if it is a solution of the nonlocal elastic structural problem (34).
Proof. The stationary condition of bPs1 yields:
0 2 obPs1ðrÞ () RE1r Tw 2 TLoAccordingly there exists a conforming displacement ﬁeld v 2Lo and a strain ﬁeld e ¼ E1r fulﬁlling the constitutive relation
such that e ¼ Re ¼ TðvþwÞ. The compatibility condition with the presence of the imposed displacement ﬁeld w is thus
recovered. Reverting the steps above a solution of the nonlocal problem (34) makes the functional stationary.
The presence of the indicator of the subspace of the external reactionsL?o in the expression of the potential bPs1 ensures
that the maximization of bPs1 can be performed in the class of statically admissible stress ﬁelds r that are the stresses whichlocal functionals in linear elasticity with local stress and external frictionless bilateral constraints with non-homogeneous boundary conditions
;e; rÞ ¼ 12 hðRCÞ1e;ei þ uL?o ðrÞ þ hr;Tðwþ vÞ  ei  h‘þ r; vi
;eÞ ¼ 12 hðRCÞ1e;ei  uLo ðvÞ þ hr;Tðwþ vÞ  ei  h‘; vi
; rÞ ¼  12 hr;RCri þ uL?o ðrÞ þ hr;Tðwþ vÞi  h‘þ r; vi
¼ 12 hðRCÞ1e;ei þ uL?o ðT
0r ‘Þ  hr;ei þ hr;Twi
Þ ¼  12 hr;RCri  uLo ðvÞ þ hr;Tðwþ vÞi  h‘; vi
¼ 12 hðRCÞ1Tðwþ vÞ;Tðwþ vÞi þ uL?o ðrÞ  h‘þ r; vi
 12 hr;RCri þ uL?o ðT
0r ‘Þ þ hr;Twi
1
2 hðRCÞ1Tðwþ vÞ;Tðwþ vÞi  uLo ðvÞ  h‘; vi
1
2 hðRCÞ1e;ei  ðuL?o  T
0ÞðeÞ
ðw  TÞð‘þ rÞ þ uL?o ðrÞ þ hr;wi
4196 F. Marotti de Sciarra / International Journal of Solids and Structures 45 (2008) 4184–4202comply with the equilibrium equation B0Rr ‘ 2L?o , i.e. B0Rr ¼ ‘þ r with r 2L?o ¼ R. The complementary energy func-
tional can then be explicitly written in the form:bPs1ðrÞ ¼ 12
Z
X
XN
i¼1
Z
Xi
Wðx; nÞE1i rðnÞ  rðxÞdndxþ
Z
oX
Z
X
Wðx; nÞrðnÞ  BðCwÞðxÞdndxthus recovering the one contributed in Polizzotto (2001) following a different and ad hoc reasoning.
6. A nonlocal FEM
The nonlocal total potential energy functional bP2 can be adopted in order to develop a FE procedure for the nonlocal elas-
tic model at hand. Using a conforming FE discretization, let Xe (e ¼ 1; . . . ;N) be the domain decomposition induced by the
meshing of the domain X. The unknown displacement ﬁeld vðxÞ is given, for each element, in the interpolated form
vehðxÞ ¼ NeðxÞqe with x 2 Xe where qe is the vector collecting the nodal displacement of the eth FE and NeðxÞ is the chosen
shape-function matrix.
The conforming displacement ﬁeld vh ¼ fv1h; v2h; . . . ; vNh g satisfy the homogeneous boundary conditions and the interele-
ment continuity conditions. As customary the rigid-body displacements are ruled out by conformity requirements. The dis-
placement parameters qe can be expressed in terms of nodal parameters q by means of the standard assembly operatorAe
according to the parametric expression qe ¼Aeq. The interpolated counterpart of the nonlocal total potential energy bP2 can
be obtained by adding up the contributions of each non-assembly element and imposing the conforming requirement to the
interpolating displacement to get:bP2hðvhÞ ¼ 12 hREBðvh þwhÞ;Bðvh þwhÞi  h‘; vhi;
with vh 2Lo, which can be explicitly written as follows:bP2hðvhÞ ¼ 12XN
e¼1
Z
Xe
1 aVðxÞ
V1
 
EeBðveh þwhÞðxÞ  Bðveh þwhÞðxÞdx
þ a
V1
XN
e¼1
XN
m¼1
Z
Xe
Z
Xm
gðx; nÞEmBðvmh þwhÞðnÞ  Bðveh þwhÞðxÞdndx

XN
e¼1
Z
Xe
bðxÞ  vehðxÞdx
XN
e¼1
Z
Se
tðxÞ  CvehðxÞdxwhere Se ¼ oX \ oXe.
The matrix form of the discrete problem is obtained by imposing the stationarity of bP2h with respect to vh and is given by:XN
e¼1
ATeKeeAeqþ
XN
e¼1
XN
m¼1
ATeK
NL
emAmq ¼
XN
e¼1
ATe fe ð35Þwhere the component submatrices and subvectors are deﬁned in the form:KLee ¼
R
Xe
ðBNeÞTðxÞEeðBNeÞðxÞdx
KNLee ¼  aV1
R
Xe
ðBNeÞTðxÞVðxÞEeðBNeÞðxÞdx
)
Kee ¼ KLee þ KNLee
KNLem ¼
a
V1
Z
Xe
Z
Xm
ðBNeÞTðxÞgðx; nÞEmðBNmÞðnÞdndx
fLe ¼
R
Xe
NTe ðxÞbðxÞdxþ
R
Se
NTe ðxÞtðxÞdx
 RXe ðBNeÞTðxÞEðBNeÞðxÞdxw
fNLe ¼ aV1
R
Xe
ðBNeÞTðxÞVðxÞEðBNeÞðxÞdxw
 aV1
R
Xe
R
Xm
ðBNeÞTðxÞgðx; nÞEðBNmÞðnÞdndxw
9>>>=>>>;
fe ¼ fLe þ fNLe ð36ÞThe integration appearing in (36)1 is performed elementwise so that K
L
ee turns out to be the standard stiffness matrix while
KNLee and K
NL
em given by (36)2–3 turn out to be the nonlocal symmetric stiffness matrices reﬂecting the nonlocality of the model.
The elements of the matrix KNLem vanish if the related elements are too far with respect to the inﬂuence distance R. Accordingly
the matrix KNLem is banded with a band width larger than in the standard stiffness matrix (Polizzotto, 2001).
Hence the solving linear equation system follows from (35) and is given by:Kq ¼ ðKL þ KNLÞq ¼ f
where the global stiffness matrix K is symmetric and positive deﬁnite.
In the case of a local elastic behaviour, the nonlocal terms disappear and the solving equation system reduces to the stan-
dard local FEM given by KLq ¼ fL.
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Let us consider the elastic bar in tension reported in Fig. 2(a) as an example of the piecewise nonlocal elastic model. The
bar has a unit cross-section and a length L. It is clamped at the end x ¼ 0 and is subjected to a given displacement wh at the
other end x ¼ L. The bar is piecewise homogeneous having Young modulus EðxÞ ¼ bEo for 0 6 x 6 L=2 and EðxÞ ¼ Eo for
L=2 6 x 6 L with the parameter b varying from 0 to 1. Three different weight functions W1, W2 and W3 of the type (10)
are employed in which the attenuation function g is given by the Gauss-like function (7), the bi-exponential function (8)
and the bell-shaped polynomial function (9), respectively.
In the considered example the stress r ¼ r is constant in the whole bar for the equilibrium requirement. The relation (33)3
is then expressed for the present one-dimensional case as the following integral equation:Fig. 2.
F ¼ 100r ¼ 1 aVðxÞ
V1
 
EðxÞeðxÞ þ a
V1
Z
X
gðx; nÞEðnÞeðnÞdn; X ¼ ½0; L	which can be rewritten in a form more suitable for numerical implementation:AðxÞhðxÞ þ
Z
X
Bðx; nÞhðnÞdn ¼ 1 ð37ÞwhereAðxÞ ¼ 1 aVðxÞ
V1
 
EðxÞ
Eo
; Bðx; nÞ ¼ aEðnÞ
V1Eo
gðx; nÞ
hðxÞ ¼ Eo
r
eðxÞ
ð38ÞThe relation (37) can be transformed into a Fredholm integral equation of the second kind following a classical procedure
(Tricomi, 1985; Polizzotto et al., 2004) to get:hðxÞ ¼
Z
X
Bðx; nÞhðnÞdnþ aðxÞ ð39ÞwhereaðxÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðxÞp ; Bðx; nÞ ¼ Bðx; nÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃAðxÞAðnÞp
hðxÞ ¼ hðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðxÞ
p ð40Þ
which can uniquely solved following, for instance, the Nystrom method.
The strain eðxÞ can be obtained from the solution hðxÞ of (39) by noting that the equality (40)3 implies hðxÞ ¼ hðxÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AðxÞp
so that the relation (38)3 yieldseðxÞ ¼ hðxÞr
Eo
¼ hðxÞR
X hðnÞdn
wh ð41Þbeing
R
X hðnÞdn ¼ Eowh=r.
The data used for the computation of the one-dimensional bar of length L ¼ 100 cm are: elastic modulus
Eo ¼ 21
 104 MPa, internal length l ¼ 2 cm, inﬂuence distance R ¼ 12 cm and material parameter a ¼ 1. The imposed dis-
placement at the end x ¼ L is given by wh ¼ 0:2 cm.
A series of computations have been accomplished by using the above data, the three space weight functions Wi
(i ¼ 1;2;3) and different jumps of the elastic modulus, provided by the parameter b.
In the case of a homogeneous material, i.e. for b ¼ 1, the solution of Eq. (37) is provided by hðxÞ ¼ 1 since
VðxÞ ¼ RX Bðx; nÞdn so that (41) yields eðxÞ ¼ wh=L and r ¼ Eowh=L by (38)1. As a consequence, strains and stresses coincide
to the classical solution for homogeneous media independently of the internal length.Piecewise homogeneous bar with the left end ﬁxed subjected to: (a) an imposed displacement w ¼ 0:2 cm at the right end and (b) an applied force
KN at the middle section and an applied force F ¼ 100 KN at the right end.
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Fig. 3(a) coincides to the local one and the value e ¼ wh=L ¼ 2
 103 is attained independently of the choice of the attenu-
ation function g in the expression of the space weight functionW . On comparing the nonlocal behaviour with the local one in
the Fig. 3(b)–(c) for different values of the ratio b, it is apparent the presence in the nonlocal response of a narrow layer
around the middle section of the bar in which the strain e smoothly varies with more or less slope depending on the con-
sidered attenuation function g. The comparison shows that the use of the bell-shaped and Gauss-like attenuation functions
in the expression of the spatial weight functionW provides the best ﬁt of the constant strain for different values of b. More-
over, the Gauss-like function presents a narrow layer around the middle section of the bar with a sharper slope than the one
corresponding to the bell-shaped attenuation function.
The displacement proﬁles corresponding to the considered values of b are reported in Fig. 4 in which the discontinuity in
the middle section of the bar is apparent in the case of non-homogeneity.
The stress plots are reported in Fig. 5(a)–(c) where it seems that the stress ﬁeld presents a boundary effect in a layer near
the end cross-sections. The smallest boundary effect for every value of b is obtained if the bell-shaped attenuation function
(9) is adopted in the expression of the spatial weight function W . In Table 5, the exact stress value is reported for the con-
sidered ratios b together with the constant stress values numerically evaluated outside the boundary layer. The last three
columns of Table 5 report the percentage increment D of the evaluated stress in the boundary layer with respect to the exact
constant stress value. It is worth emphasizing that the percentage stress increment D is really small since it does not exceed
the 0.42% of the exact stress. Accordingly no signiﬁcative boundary effects are present in the considered example.Fig. 3. Strain plots of the bar in tension for different attenuation functions g in the expression of the symmetric function W and for different values of the
ratio b: (a) homogeneous bar with E1 ¼ E2 (b ¼ 1); (b) piecewise homogeneous bar with E1 ¼ 0:8Eo and E2 ¼ Eo (b ¼ 0:8) and (c) piecewise homogeneous
bar with E1 ¼ 0:4Eo and E2 ¼ Eo (b ¼ 0:4).
Fig. 4. Displacement plots of the bar in tension for different values of the ratio b.
Fig. 5. Stress plots of the bar in tension for different attenuation functions g in the expression of the symmetric function W and for different values of the
ratio b: (a) homogeneous bar with E1 ¼ E2 (b ¼ 1); (b) piecewise homogeneous bar with E1 ¼ 0:8Eo and E2 ¼ Eo (b ¼ 0:8) and (c) piecewise homogeneous
bar with E1 ¼ 0:4Eo and E2 ¼ Eo (b ¼ 0:4).
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shown in Section 6. The results are in a good agreement with the one previously reported so that they are not reported
for conciseness.
Table 5
Comparison of the stress responses for the piecewise homogeneous bar considered in Fig. 2(a)
b Stressr (MPa) Percentage stress increment D
Exact Evaluated Evaluated
Case 1 Case 2 Case 3 Case 1 Case 2 Case 3
1.0 420.33 419.93 419.97 419.92 0.42% 0.04% 0.25%
0.8 373.33 373.25 373.31 373.27 0.42% 0.04% 0.25%
0.4 240.00 239.95 239.98 239.96 0.42% 0.04% 0.25%
Case 1 is related to the bi-exponential function, case 2 is related to the bell-shaped function, case 3 is related to the Gauss-like function.
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subjected to the given load condition as reported in Fig. 2(b). For brevity of exposition, the examples are limited to the cases
of a piecewise homogeneous bar with b ¼ 1 and b ¼ 0:4. As expected the solution for b ¼ 1 coincides to the local one. Then
the displacement plots are provided in Fig. 6 with b ¼ 1 and b ¼ 0:4.
The evaluated strain responses e are provided in Fig. 7. On comparing the different strain results, the best approximation
of the constant strain values are obtained by using the bell-shaped and the Gauss-like attenuation functions in the expres-
sion ofW . The Gauss-like function presents a narrow layer around the middle section of the bar with a sharper slope than the
one corresponding to the bell-shaped function. These results are similar in terms of slope shape and of constant strain
approximation with respect to the corresponding ones obtained by the Fredholm equation for the bar subjected to the im-
posed displacement.
Finally the stress plots are reported in Fig. 8 in which the boundary effects are lacking from a practical point of view as in
the example previously analysed.Fig. 6. Displacement plots of the piecewise homogeneous bar subjected to tensile forces F ¼ 100 KN at the middle section of the bar in correspondence of
the discontinuity of the elastic modulus and F ¼ 100 KN at the right end as reported in Fig. 2(b) for the values b ¼ 1 (E1 ¼ E2 ¼ Eo) and b ¼ 0:4 (E1 ¼ 0:4Eo
and E2 ¼ Eo).
Fig. 7. Strain plots of the piecewise homogeneous bar for different attenuation functions g in the expression of the symmetric function W with E1 ¼ 0:4Eo
and E2 ¼ Eo (b ¼ 0:4) subjected to tensile forces F ¼ 100 KN at the middle section of the bar in correspondence of the discontinuity of the elastic modulus
and F ¼ 100 KN at the right end as reported in Fig. 2(b).
Fig. 8. Stress plots of the piecewise homogeneous bar for different attenuation functions g in the expression of the symmetric function W with E1 ¼ 0:4Eo
and E2 ¼ Eo (b ¼ 0:4) subjected to tensile forces F ¼ 100 KN at the middle section of the bar in correspondence of the discontinuity of the elastic modulus
and F ¼ 100 KN at the right end as reported in Fig. 2(b).
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A contribution from the variational point of view has been provided to the development of continuummechanics of non-
local linear elasticity with a piecewise elastic modulus. In fact the nonlocal elastic structural model is considered and the
complete family of variational principles with different combinations of the state variables has been proved. Uniqueness
of the solution of the nonlocal elastic problem is also discussed.
Some of these principles turn out to be the extension to the nonlocal elasticity of classical principles of local
elasticity, that is the total potential energy, the complementary energy, the mixed Hu–Washizu principle and the
mixed Hellinger–Reissner principle. In the context of nonlocal elasticity, the total potential energy, the complemen-
tary energy, the mixed Hu–Washizu principle have been provided in the literature following a different path of
reasoning.
A consistent nonlocal FE procedure is provided based on a suitable deﬁnition of a symmetric spatial weight func-
tion. Finally a piecewise homogeneous bar, ﬁxed at one end and subjected to an imposed displacement at the other
end or subjected to applied forces at different cross-sections, is considered. Different values of the Young modulus in
each of the piecewise homogeneous bar are considered in the computations. The numerical procedure is pursued by
using the Fredholm integral equation and the nonlocal FEM showing good agreement with the closed form solution
and no pathological behaviour provided that the parameter a has a negative value. Further developments of the pro-
posed model in order to accommodate non-homogeneous nonlocal elasticity will be the subject of a forthcoming
paper.
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The stationary conditions of the functional M reported in Proposition 1 are given by:ð0;0; 0;0Þ 2 oMðu; r; e; rÞ ()
0 2 ouMðu; r; e; rÞ
0 2 orMðu; r; e; rÞ
0 2 oeMðu; r; e; rÞ
0 2 orMðu; r; e; rÞ
8>><>>:
which yield the conditions:B0r ¼ ‘þ r
Bu ¼ e
r ¼ d/ðeÞ
u 2 o ðrÞ
8>><>>: ð42Þ
The condition (42)1 provides the equilibrium equation. The relation (42)2 represents the compatibility condition. The rela-
tion (42)3 yield the nonlocal elastic law. The relation (42)4 represents the external constrain condition in terms of the con-
jugate potential  . The nonlocal structural model (31) is thus obtained. By reverting the steps above, a solution of the
nonlocal elastic problem makes the functional M stationarity.
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